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The heat source density in a laser ruby is calculated by numerical 
integration of the pumping and absorption spectra. The heat source 
density can be represented approximately by the formula q(r) = 
= ql + qz I0 (~r/r0), which can be used to determine the temperature 
distribution in the crystal for typical pumping and cooling conditions. 

We cons ider  a long ruby c ry s t a l  of round sec t ion  
with a cons tant  absorpt ion  coeff ic ient  k(k') throughout 
its vo lume and a smooth, nonmat  sur face  on which 
isot ropic  pumping radia t ion fal ls .  The heat source  den-  
si ty (specific power of the sources )  in the c rys t a l  can 
be calcula ted f rom the formula  

k~ 

q( r )=  E(~.')F(L', k,r)k(L') 1--~|() / )  ~.. dk'. (1) 

kz 

In formula  (1) E (3.') is the i l l uminanee  of the c rys ta l  
sur face ,  which depends on the selected pumping lamp;  
F is a factor  which takes into account the d i s t r ibu t ion  
of pumping light in the c ry s t a l ;  ~ is the quantum yield 
of l u m i n e s c e n c e  and k21 = 0 .69p is the average  wave-  
l e n ~ h  of the l uminescen t  radia t ion.  Fo rmu la  (1) 
ignores  secondary  absorp t ion  of the l uminescen t  
emiss ion ,  the change in the value of k(X') due to de-  
plet ion of the ground level,  and the change in quantum 
yield due to heating, 
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Fig'. 1. 1) Spectrum E(k') (rel.  units)  
of IFP-800  pumping lamp;  2) ab so rp -  
t ion spec t rum k (X') (era -1) of ruby c r y s -  
tal ;  3) quantum yield of l uminescence  
~ (X') (d imens ion less  uni ts)  (X' in p).  

The value of q(r) is  de t e rmined  f rom formula  (l) 
by n u m e r i c a l  in tegra t ion  with a step Ak' = 0.01p and 
the following ini t ia l  data (Fig. 1): the spec t rum E 
(k') of a IFP-800  xenon lamp recorded  in pulsed o p e r a -  
t ion with a pumping energy of 200 J and voltage 800 V: 
the absorp t ion  spec t rum obtained for a ruby c rys ta l  
with ch romium concen t ra t ion  0.05c, i on a SF-10 spe c -  
t rophotometer  af ter  averag ing  over  the two po l a r i z a -  
t ions: factor  F as a function of the p a r a m e t e r s  Kr 0 
and r/'r 0, taken f rom Anan 'ev  and Korolev ' s  paper  [1] 

on the d i s t r ibu t ion  of monochromat ic  pumping r a d i a -  
t ion in l a s e r  c r y s t a l s ;  and, f inal ly  the quantum yield 

(~') ,  chosen to co r r e spond  with Bukke and Morgen-  
s h t e r n ' s  m e a s u r e m e n t s  [2], the curve  given in [2] 
being continued into the 0 .58 -  to 0o 65 # region,  as 
shown in Fig.  1 (curve 3).  The chosen d i ame te r  of the 
c r y s t a l  in the ca lcu la t ions  was 2r 0 = 0.65 cm.  We a s -  
sumed that  f i l t e r s  a re  used to i so la te  the reg ion  f rom 
;t 1 = 0.3 to k z = 0 .7# in the pumping spec t rum and that 
the r e s t  of the spec t rum is not impl ica ted  in the heat ing 
of the c ry s t a l .  
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1) Dens i ty  of energy  spe- 
cific heat energy  Q(r)  ( J / e m  3) r e -  
leased  dur ing  one pumping pulse 
in a ruby of d i a m e t e r  6.5 ram; 2) 
absorbed  energy  of pumping r a d i -  
ation U (r) (J/cm~); 3) approxi -  
mate  r e p r e s e n t a t i o n  of specif ic  
energy  of sources  by means  of 

function Q(r) = Q1 + Q210(~r/ 
/r0) with Q1 = 12.5 J / c m  ~ and 

Q2 = 14 J / e r a  3, ~ = 3.2. 

The r e su l t s  of ca lcu la t ion  of q(r) a re  given in Fig.  2 
(curve 1). The curve  is no rma l i zed  so that the total  
amount  of heat  Q r e l ea sed  in the c rys t a l  dur ing  one 

pumping pulse is 40 J, and the densi ty  of the heat 
r e l eased  dur ing  a pulse  Q(r) is plotted on the y axis .  
The de te rmined  d i s t r ibu t ion  of source  densi ty  is far  
f rom homogeneous.  We also ca lcula ted  the d i s t r ibu t ion  
of absorbed  pumping power 

p(r)= I' E().')F 0,', k. r)k('~,')d}," (2) 

and the energy  absorbed  dur ing  a pumping pulse U(r) 
(curve 2, Fig.  2).  We can then evaluate  the energy 
yield of l u m i n e s c e n c e  71' from the absorbed energy: 

Ir': ',1 (3/ II' =' l j  [p(r)--q(r)ldr.  

In this ease  it is 7]' : 0.-I9.  
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The de te rmined  heat source  densi ty  can be r e p r e -  
sented by the approximate  fo rmula  

q (r) = q, § qflo (~ r/ro). (4) 

F igure  2 (curve 3) shows a function of the fo rm (4) - 
the densi ty  of the heat r e l eased  dur ing  a pulse with 
Q~ = 12.5, Qz = 14 J / cm ~, and ~ = 3 .2 ;  this r e p r e s e n t s  
the value of Q(r) to an accuracy  of • The s e l e c -  
t ion of an approximate  fo rmula  in the form (4) in con-  
junct ion with a Besse l  funct ion fac i l i ta tes  the evaluat ion 
of the in t eg ra l s  in the ca lcula t ion  of the t e m p e r a t u r e  
d i s t r ibu t ion .  

Below we calcula te  the t e m p e r a t u r e  d i s t r ibu t ion  in 
a homogeneous and isot ropic  l a s e r  c rys t a l  in the case  
of per iodic  pulsed pumping with heat source  densi ty  of 
the fo rm (4). We a s s u m e  that the ends of the c rys ta l  
a re  the rma l ly  insula ted  and on the cy l indr ica l  sur face  
boundary  condit ions of the f i r s t  o r  th i rd  kind with a 
cons tan t  heat t r a n s f e r  coeff ic ient  a re  sa t i s f ied .  We 
a s s u m e  that at the ins tan t  of appl icat ion of the f i r s t  
pumping pulse the c rys t a l  t e m p e r a t u r e  T(r, 0) is equal 
to the t e m p e r a t u r e  of the cooling medium T 0, i . e . ,  
| 0) = T (r, 0) - T O :: 0. It is known that this bpund-  
a ry  value problem can be solved for any q (r, t) by 
Hankel ' s  method of f ini te  in tegra l  t r a n s f o r m s  [3]. For  
this purpose  the per iodic  funct ion of t ime  q (r, t) mus t  
be put in the form of a F o u r i e r  s e r i e s .  It is much more  
convenient ,  however,  to express  the source  densi ty  by 
a s imple  p iecewise -con t inuous  function ass igned to an 
a r b i t r a r y  pumping cycle 0 < ~ < t c. Then the p r o b l e m  
is divided into a s e r i e s  of s tages co r re spond ing  to the 
f i r s t ,  second, e tc . ,  cyc les  of opera t ion .  The t e m p e r a -  
tu re  at the end of the (m - 1)th cycle is the in i t ia l  
condit ion for  the next, m - t h  cycle .  The succes s ive  

solut ion of  these  p rob lems  leads to the following fo r -  
mula  for  the t empe ra tu r e  d i s t r ibu t ion  dur ing  the m - t h  
cycle of operat ion:  

0,,, (r, ~) = ~ ~ L,~' / o (p,,') exp (--  ap~ ~) x 
i 

1 l = 1  

x I -q (p~' X') exp (apT~ �9 ) d ~' + 

1 ~ e x p [ - -  (m -- 1) aP~tcl 
+ x 

exp (aP~Ic) --  1 C. ,c ] 
x . (p~.<)exp (ap~<)d~" . (5) 

0 

ro  

In fo rmula  (5) q (P,,, ~) =.I' rq (r.~) Io (p, r) dr is the 
0 

Hankel image of the source  densi ty ,  Pn a re  the roots  
r. 

of the c h a r a c t e r i s t i c  equation and L,, = I r l~(p~ r) dr. 

The t e m p e r a t u r e  d i s t r ibu t ion  in the following p rob l ems  
is  calculated by means  of fo rmula  (5). 

Per iod ic  pumping by r ec t angu la r  and ins tan taneous  
pu l ses .  During one cycle of opera t ion the source  den-  
sity has value (4) in the i n t e r v a l 0 <  ~ < to; t c = tp  + 

t o . For  heat t r a n s f e r  on the sur face  in accordance  

with Newton's law the t e m p e r a t u r e  d i s t r ibu t ion  in the 
course  of the m - t h  cycle of opera t ion is equal on heat -  
ing to 

O , ~ ( r . ~ ) = 1 2  A,lo(~,,r) { q' 
n = l 

q~ [ /o  (~) - -  
L 

~ ] l ( ~ ) ] / l l - - q : ) , , , , , ( l ~ n ) e x p ( - - a l ~ l : ) ]  (6) 

and on cooling to 

1 2 A'I~ (~" r) Omo (r, T) = - [  
11=1 

q, + q2 [I0 (~)-- 

I t  
[l (~) } ~',,,o (L) exp (-- a l~ ) .  (7) 

Bi 

In fo rmulas  (6) and (7) fin a re  the roots  of the c h a r a c -  
t e r i s t i c  equation flr0Ii{flr 0 ) -  BiI 0 (fir0) = 0; An 
are  coeff icients  tabulated in [4, 5], 

A,~ = 2 Bi,,(Bi :~ + ~ r~) lo (13. ro). 

The values  of ~PmH(fln) and ~Pm0(fln) are  

%, .  (;3.) = 1 lexp ( - - a  " t " t  - -  [~7, o) - -  exp  ( - -  a 82, c)l  X 

1 - -  exp  l - -  (m - -  l ) a ,~, tel 
)< (8) 

! - exp ( - -  a 9~ tc) 

I - exp ( -  ma ~, &) 
%,o([~.) l _ e x p ( _ a [ ~ t c )  [ l--exp(--a[g~l.)]  (9) 

and for  the es tabl i shed per iodic  t e m p e r a t u r e  condit ions 
are  conver ted  to the l imi t ing  ~ " expresmons  ~ .  (~.) = 
= lira q~,,,. (lg.) and q~,, ([~.) = lira %,0(~.). If the heat 

n l -  0o r t l -  ~r 

transfer coefficient is very high and the boundary con- 
ditions can be written in the form | t) = O. then 
heating and cooling during the m-th cycle of operation 
conform to the law 

o .... (r,+)=__L2 ' ~  I.(u~r) X 
;. ro ~ a. l, (~. ro) 

X [ q, q: 
L 

1 
10 ( D ]  I 1 - -  ~ ..... (a . )  exp (-- a u~ ~)l .  

0 .2 T < t,,: (10) 

0,,,, (r. v) = 

: " V q' ' q~ I0(~) • 
- i 2 ~'-' g2  k r,, ~mi a,, I, (% r,,) a;, a , , - - ~ . .  

X ~,,,. (~.) exp (-- a a.~ T). 0 < T �9 .~ to. (11) 

where a n a re  the roots  of the cha rac t e r i s t i c  equation 

I0(Gr0) = 0. Put t ing  m = 1 and t o --* ~ in formulas  
(6 ) - (11) ,  we obtain expres s ions  for a s ingle  r ec t angu-  
la r  pumping pulse .  F o r m u l a s  (6) and (10) with m = 1 
and 7 = t (0 < t < ~ )  also desc r ibe  the e s t ab l i shmen t  
of s t e ady - s t a t e  heat condit ions in the ease  of cont inuous 
and cons tan t  pumping of form (4). 

In the case  where  the dura t ion of the pumping pulses  
can be neglected we conver t  in fo rmulas  (7) and i l l )  
to the l imi t  [ql + q210(~r/r0)]tp -* Q1 + Q210(~r/r0) 
where  tp ~ 0. For  a f inite heat t r a n s f e r  coeff icient  
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ins tan taneous  pumping pulses  produce a t e m p e r a t u r e  
d i s t r ibu t ion  

e,~(r, x) = a A.Io (fin r) Q, ~- @-~; I o (~) - -  o o ,  ') 

"L n=i I ~J; - -  ~-/r5 

] l - - e x p ( - - m a [ ~ q )  } 
~" I.(~) ""t.,) e x p ( - - a ~ , )  , (12) BI 1 - -  exp (-- a e; 

and with the zero boundary conai t ion | 0' t )=0  we have 

O,~ (r, "0 = 

)'~r2 ,~--l" (z. 1, (a.r,,) O'+ (z 2-,, ~'",r5 
1 - -  exp (-- mau~/,~) 

X 1 - - e x p ( - - a a ~ t u )  exp(--au]-r). (13) 

When T= t c fo rmulas  (12) and (13) give the t e m p e r a t u r e  
d i s t r ibu t ion  in the c ry s t a l  before the next ins tan taneous  
pumping  pulse .  

Be l l - shaped  pu l ses .  In the case  where no special  
m e a s u r e s  a re  taken to shape the pumping pulses  the i r  
shape may be fa r  f rom rec t angu la r  and can be de-  
sc r ibed  fa i r ly  accura te ly  by means  of one, two or more  
t ime exponents .  We cons ider  succes s ive  ident ical  

�9 pumping pulses  with heat source  densi ty  ass igned to an 
a r b i t r a r y  cycle of opera t ion 0 < T < t c by the function 

S 

q(r, "0 = 2 (q~ +qJo(~sr / ro ) ]exp( - -ks  "0" (14) 
s : l  

A function of the form (14) can be used to take into 
cons ide ra t ion  the change in the pumping spec t rum d u r -  
ing the pulse.  Subst i tut ing the value of (14) in fo rmula  
(5) we obtain an exp res s ion  for the t e m p e r a t u r e  d i s -  
t r ibut ion  dur ing  the m - t h  cycle of opera t ion with a 
f inite heat t r a n s f e r  coeff ic ient  

0., (r, T) = 

Bi l [ ~ ( ~ ) e x p ( - - a _ 1 3 ~ ) - - e x p ( - - k ~ x ) l  (15) 

and with zero boundary  condit ion 

e~(r,x)= 2a ~ lo(a~r) 
x r0 (k~--a ~)  I~ (% to) 

s ~ l  n = l  

x q l s  _{_ a 2 -  ~:2/r2 
L ~n n ~s" 0 

• [%,~ (a~) exp (-- a a~-O - -  exp (-- k~ =)l. (16) 

The va lues  of Csm a re  

~sm(Pn)= 1 + 
1 - -  exp [-- (m - -  1) ap~ tcl 

1 - -  e x p  ( - -  ap) 2,/c) 

• [exp (--  ap~ it) - -  exp (-- k/c)]. 

X 

(17) 

To inves t iga te  the s t eady- s t a t e  per iodic  t e m p e r a t u r e  
condit ions we mere ly  conver t  to the l imi t  where m 

.o in-4ornmlas (15 ) - (17) .  Putt ing m = 1 and r : 

= t (0 < t < ~o) we obtain fo rmulas  for  a case  of a 
s ingle  pumping pulse  of the fo rm (14). 

F inal ly ,  if the d i scharge  c i r cu i t  of the pulsed lamp 
has high inductance,  the t ime  dependence of the d i s -  
charge  c u r r e n t  can be given [6] by the funct ion q (T) = 
= q0 k r exp ( - k r ) .  Let the source  dens i ty  q(r  1, r) in 
the in t e rva l  0 < T < t c have the value 

S 

q(r, ~) = ~ ,  [q~ q-q.zjo(~r/ro)]k~xexp(--ks~).  (18) 

Then the t e m p e r a t u r e  d i s t r ibu t ion  dur ing  the m - t h  cy -  
cle is  ca lcula ted f rom the fo rmula  

% (~' ~) = T . k~ - .  ~ q" + w, ~"/----c' 

Bi [ n~.~([3~) + k _ a l 3 1  X 

X exp (-- k s-:)], (19) 
J 

where  
k~ 

% "  (%) -/e~ - - a  I~ + 

1 - e x p [ - - ( m - - 1 ) a ~ t c ]  [ lq ( 1 - -  

+ exp (a D~ t c) - -  I Lk~ - -  a I~\ 

--exp I(a [8~ --/r i ( a ~  - -  k~) tcl ] . 
J 

(20) 

With the zero boundary  condit ion the co r r e spond ing  
fo rmula  is obtained af ter  r e p l a c e m e n t  of the t ime  fac -  
to rs  in (16) by the va lues  

U,m (~.)  exp  ( - -  a ~ i ) )  - -  

q-' I% . ,]exp(_ksq@ t k~ -r (21) . /q - -  a~;-,] 

It is obvious that in the case  where  the source  densi ty  
can be regarded  as homogeneous,  fo rmulas  (6), (7), 
(10) - (13) ,  (15), (16), and ( 1 9 ) b e c o m e  s imp le r ,  
s ince  they lose the t e r m s  with qz, which a re  zero.  

NOTATION 
r 0 is the radius  of c r y s t a l ;  r is the va r i ab le  radius  

(coordinate)  ; t is the t ime ;  z is the t ime  dur ing  con-  
s idered  p rocess  or  cycle  of opera t ion;  q (r, T) is the 
densi ty  (specific power) of heat s o u r c e s ;  Q (r) is the 
specif ic  energy (during pumping pulse)  of heat sou rces ;  
X' is the wavelength of pumping rad ia t ion ;  k(M) is the 
absorpt ion  coeff icient ;  F is the Anan ' ev -Koro lev  fac -  
tor, which takes into account  the d i s t r ibu t ion  of the 
monochromat ic  pumping rad ia t ion  in the absorb ing  c r y -  
s ta l ;  T1 (M) is the quantum yield of l umi ne scence ;  
p (r) is the absorbed power of pumping radia t ion;  
U (r) is the absorbed pumping energy;  ~ is the e m p i r i -  
cal  p a r a m e t e r  in heat source  d i s t r ibu t ion  funct ion;  
T (r, t) is the c rys t a l  t e m p e r a t u r e ;  To is the t e m p e r a -  
tu re  of cool ing med ium;  T(r ,  t) - T O = | t) is  the ex- 
cess  of c rys t a l  t e m p e r a t u r e  over  ambien t  t e m p e r a t u r e ;  
tp is the dura t ion  of r ec t angu la r  pumping pulses ;  to 
is the t ime of cool ing between r ec t angu la r  pumping pul-  
ses ; t c is the dura t ion of cycle of opera t ion  (t c = tp 
+ t 0) ; X is the t he rma l  conduct ivi ty;  a is the the rmal  



296 INZHE NERNO-FIZICHESKII ZHURNAL 

diffusivi ty;  c~ is  the heat  t r a n s f e r  coeff icient ;  Bi = 
= o~r0/k is the Blot n u m b e r ;  Pn, fin, a n  a re  the roots  
of c h a r a c t e r i s t i c  equat ions ;  A n is  the tabulated co-  
eff ic ients  in  p rob lem of cooling of cy l inder ;  I0, I1 
a re  the Besse l  funct ions of zero  and f i r s t  o rde r ;  k s is 
the index of t i m e  decay of heat  sou rce s ;  go, r ~/ a re  the 
ca lcula ted  coeff ic ients  in  fo rmulas  for  de t e rm i n i ng  
t e m p e r a t u r e  d i s t r ibu t ions .  
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